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Abstract 
Kauffman, L. and S. Lins, Decomposition of the vertex group of 3-manifolds, Discrete 
Mathematics 103 (1992) 49-55. 
The vertex group c(M) of a closed PL n-manifold is an invariant obtained from a 
crystallization representing M (see Ferri and Gaghardi (1982)). These groups are introduced by 
Lins (1989) where their topological invariance is proved. In this note we propose, for n = 3 to 
illuminate the connection of 5 and the fundamental group n,. We show, as suspected in [8], 
that for every closed 3-manifold M3, E(M3) = n,(M3) * n,(M3) * n,(M3) * F, where F is a free 
group in one generator. The present proof does not seem to (dptly) generalize for higher 
dimensions. The result also opens the possibility of searching for topologically invariant 
automorphisms of E. Such automorphisms could give significant information about the 
manifold M3. 
1. Introduction 
A 4-graph G is a finite 4-regular graph with a proper 4-edge-coloration. For k 
in (0, L&3,4), a k-residue in G is a connected component of a subgraph 
induced by all the edges of k pre-selected colours. A 3-gem (three dimensional 
graph encoded manifold) is a 4-graph where the number of O-residues (the 
vertices) plus the number of 3-residues equals the number of 2-residues (also 
called bigons-bicolored polygons). There is a standard algorithm to get a closed 
3-manifold from a 3-gem and also every such a manifold arises in this way. See [3] 
and in dual form [9]. A 3-crystallization is a 3-gem G in which there are exactly 4 
3-residues, that is, after the removal of all the edges of a given color, G remains 
connected. Every closed 3-manifold also arises from the standard algorithm in a 
crystallization. The manifold is said to be represented by the crystallization (or by 
the gem). 
Crystallizations were introduced by Pezzana in [ll, 121, and named as such for 
the first time in [l]. For the basic notation and results on crystallizations we refer 
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to the basic article [l] and the fundamental papers [2,3]. The group which is the 
object of this paper is defined in [8] for a class of n-graphs which, however not 
containing the n-gems, contains all the n-crystallizations. From here on n = 3. For 
combinatorial group theory we refer to [6, lo]. 
2. The vertex group 5 
Let G be a bipartite crystallization, thus representing a closed orientable 
3-manifold M3. The colours of the edges are labeled by the numbers 0, 1,2,3. 
This ordering plays an important role in the definition of the vertex group of G, 
g(G). The generators of this group are a set of symbols in l-l correspondence 
with the vertex set of G. Its relators are in l-l correspondence with the bigons of 
G, as follows: choose an arbitrary sense of traversal for each ij-gon (a bigon 
coloured i and i) and write down once the symbol of each vertex along the 
circular way. The exponent of each symbol is fl according to whether or not the 
vertex is a transition from a higher indexed colour to a lower one. 
Since there are 6 = (i) types of bigons we get six types of relators in E(G). If we 
denote by ‘V(G) and 9(G) the sets of generators and relators of E(G) we have 
the usual concise abstract definition, 
E(G) = (v(G) 1 g(G)), 
where the conventions about the orientation and about the f exponents are as 
explained. 
This group is proven in [8] to be invariant under the restricted crystallization 
moves [2] and so is a topological invariant of the represented manifolds. It is our 
purpose in the next section to find a free decomposition of 5 into three copies of 
the fundamental group n, and an extra free factor. The restriction of dimension 3 
seems difficult to overcome with the present approach. 
3. The decomposition of 5 
We make no distinction between the label of a vertex and the symbol, in 
“Y’(G), of the corresponding generator for E(G). Let Xi denote the vertex 
adjacent to x by colour i. For every vertex x and a colour i E (0, l} define E,i as 
XC:‘. For every vertex x and colour i E (2, 3) define .sXj as x-‘xj. We let i’ denote 
the complement in (0, l} of {i} and j’ denote the complement in {2,3} of {i}. 
Two types elements of 5_, obtained as words, one in the eXi’s, and one in the .sXj’s 
play an important role in the decomposition. We also need to distinguish an 
arbitrary vertex in V(G), denote it by r and call it the root. 
The two types of elements are yF> and ~2). For k in {i, i} to define y!:) we find 
a path y from r to x in G which does not use k’-coloured edges and take the 
Decomposition of the vertex group 51 
product of the cxk’s in the order in which k-coloured edges with origin in x are 
traversed in y. Since G is a crystallization, there exists a path y. 
Lemma 3.1. As an element of g(G), ~$5’ does not depend on the choice of y. 
Proof. Consider the 3-residue Gk, of G, obtained by removing all k’-coloured 
edges. The 3-residue is a planar graph and we can find an embedding of it in a 
2-sphere such that the boundaries of the faces are the bigons (this is from the 
basic construction on gems-see [9]). Observe that, by the relations on c(G), the 
product of the &,k along any face is the element 1 of g(G). Therefore, since the 
faces of a plane graph generate its cycle space, it follows that the product of the 
&,k along any closed path in Gk, is 1. Therefore any two paths between x and r 
gives the same element of g(G): the composition of a path with the inverse of the 
other yields a closed path in Gk,. 0 
For i E (0, l}, j E (2, 3}, x E ‘V(G) and fixed root r define prXij = y$$xy$-‘. 
Lemma 3.2. If x and y are in the same ij-gon, then prxij = &,ij. 
Proof. It is enough to show the lemma holds in cases y = xi and y = xi. 
In the first case, 
Bryij = y(i)yy(j)r-l = 
‘Y Y* (y!?&,i)( E~lX)y$‘T-l = prxij 
In the second, 
jjTij = ~(~)yy(j)r-~ = 0’ Yr Y~(X&~j)(&~’ y$))r-’ = /3 .. rX,J’ 0 
Note that, for k E (0, 3}, the relations of E(G) corresponding to bigons 
including colour k can be written as products of the &,.k’s. (This is not the case for 
k E {1,2}.) Let a0 and %3 denote these sets of relations. Let also ?$ij denote the 
set of (original-in terms of vertices) relations corresponding to the ij-gons. For 
0-coloured edge a, fix one of their ends, say x, and let also a; be defined as the 
element cXO of E(G). For every 3-coloured edge Y, fix one of their ends, say y, 
and let also vy be defined as the element cy3 of E(G). Observe that the choice of 
an end corresponds to an orientation of the edge. If we reverse the choice the 
element in E(G) gets inverted. Let clr, and V3 be the sets of elements associated to 
the 0-coloured edges and 3-coloured edges, respectively. Finally, let yb3 = 
{prXo3 ) x E V(G)}. By Lemma 3.2, the set nyb3 is in l-l correspondence with the 
03-gons of G. 
Lemma 3.3. The set of relations 93 12 can be rewritten in terms of elements of r/b3. 
Proof. Let x E ‘V(G), y = x1 and z = y2. The product xy-‘z appears as a subword 
in a relator of ai2. From the definition of prxij this product can be rewritten as 
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follows: 
( Y(0)prxo3ry(39( Y(3) -1 -1 (0) 
XT lx yr r &03Yry )(Y%Lo3V29. 
Since x and y are separated just by one 1-coloured edge, rzz) = y$?. Also, since 
y and z are separated just by a 2-coloured edge, $!) = r$?. Therefore, the 
product above simplifies to 
y’o’/.l 
XT 
p-r B 43) 
rxo3 ryo3 no3 II . 
In this way, a full relator in 93r2 is, under the presence of the (redundant) 
generators nyb3, equivalent to a word which starts with y$v’, (where x is the first 
generator), then replaces each u*’ by pzk3 and finally ends with r$! (where w-l 
is the last generator). It is the case that x and w are the ends of a 2-coloured edge. 
Therefore u$? and r!$ are inverses in g(G), and so they can be dropped from the 
word defining the relator in 93i2. 0 
Denote by Sy”, be the set of relators %312 written in terms of Vo3, according to 
the proof of the preceding lemma. Now define the groups 
Co=(%lI)7 ~03=(wb3I93wuL03H 
E3= (V; 1 a3) and 9= ({rl 1 >. 
The last one is the free group in the generator r. 
Decomposition Theorem 3.4. The group g(G) is isomorphic to the free product 
50*(503*99*E3. 
Proof. We get the result by Tietze transformations [6], that is, transformations 
which either introduce or remove a redundant generator or a redundant relator. 
Each 03-gon is a polygon with an even number of edges. Globally bipartite the 
set of vertices of G into two classes of vertices, the odd and even classes, so that 
each 0-coloured edge and 3-coloured edge have ends in distinct classes. Let 
R. = { a;xox-l 1 x is an odd vertex}, 
R3 = {vxx-‘x3 I x is an even vertex) 
Then, a block of Tietze transformations [6], each introducing a redundant 
generator yields 
~(G)=(“lr(G)I~(G))~((“lr(G)U”ybUr/;IRoUR3U~(G)). 
By denoting the subsets of relations C%,,i U 53102 U 9& by 53,, and the subset 
%330 U .%31 U C?i& by 913 we obtain that g(G) is isomorphic to 
(~(G)U”VbU’V3)RoUR,U9$,ULB&J933,~). 
By Lemma 3.3 we can introduce the elements Vo3 and their defining relators (call 
their set Ro3), and replace 93r2 by the equivalent By:, thus obtaining 
~(G)=(T-(G)U~oU7’&J”Ir,,~RoUR03UR3U@,UB3U~~~). 
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To get rid in a proper way of the repetitions in R,,3, let us distinguish a vertex 
in each 03-gon. Assume that T is the distinguished vertex in its 03-gon. Denote by 
9 the subset of Y(G) consisting of the distinguished vertices. Then Ro3 is 
explicitly and nonredundantly defined as 
Note that prro3 is the identity. We need the following lemma. 
Lemma 3.5. Let /3 be a 03-gon, and R,(P) U R&3) be the set of relators in R0 U R3 
corresponding to the edges of p. Let P&,(B) and 9?&3) be the relators in SZ& and 2&, 
respectively, corresponding to the bigon 0. In the presence of the relators 93&3) 
and 98&3), any relator in R,(P) U R&3) IS a consequence of the remaining. 
We establish this result after the end of the proof of the Decomposition 
Theorem. Let Rj denote the set R3 after we drop from it all the relators 
corresponding to 3-coloured edges incident to a distinguished vertex. By Lemma 
3.5 we have 
5(G)~(~(G)U7r,U7r,U~~,,IR,UR,,UR;U~~U~~U~~~). 
Now we can use the relators in R0 U R; to eliminate all but the distinguished 
vertices, 
~(G)~(~U"YbU~~UCVb~IR03U~U~~U~~~). 
Except for r, every distinguished vertex appears isolated in a member of R,. 
These relators can be used to eliminate those vertices, thus obtaining, 
The generator r does not appear in the relators. The first three types of relators 
do not mix up in the three kinds of relators. Then we can conclude the 
Decomposition Theorem, namely, 
Here is the missing proof. 
Proof of Lemma 3.5. Let us suppose that x and y are the ends of the 3-coloured 
edge of j3, corresponding to the relator p which we want to prove redundant. (If 
this edge is 0-coloured the proof is similar). The polygon /3 minus this edge is a 
path y between x and y. Give a numbering 1,2, . . . ,2p, to the vertices of this 
path, starting with n which receives 1 and ending with y, which receives 2p. For 
all relators but p, consider the equivalent relation which expresses the higher 
indexed vertex in the corresponding edge in terms of the other vertex and of the 
edge. (Vertices and edges are considered as elements of g(G)). From this set of 
relations we get easily all vertices in terms of x and of products of 0-coloured 
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edges and 3-coloured edges. In particular, we get for 
y = (a, . . . cxp)-lx(Y* . . . VP_,), 
where the aj’s are the 0-coloured traversed along the same path. Similarly, for 
the vi’s and the 3-coloured edges. Since %&3) and B3(p) are present we know 
that (Y~. - - ab = 1 and that v1 a.. v~-~ = vi’_ Therefore, y =xv;‘. This is 
equivalent to the missing relator. •! 
In order to complete this work, we give the connection with the fundamental 
group. 
Proposition 3.6. The three groups go, &, ,$- 3 are all isomorphic to the fundamen- 
tal group of the 3-manifold represented by G. 
Proof. Let k E (0, 3). The group & = (r/-, ) LBk) is a presentation of the 
fundamental group of the 2-skeleton K2 of the ball complex obtained from B(G) 
(see [9 p. 2631) by retracting the ball bounded by the 2-sphere where the 
3-residue Gk faithfully embeds to a point. Each k-coloured edge becomes a loop 
associated to the generator Ebb, whose set is “Ir,. The relations, of JC,(KJ are the 
boundary of the (now pinched) disks bounded by the bigons involving colour k. 
The set of such relations is precisely P&. But n,(K,) = n,(lB(G)(), where IB(G)l 
is the 3-manifold represented by G. 
As for &, consider the handlebody Ho3 formed by the identification along the 
disks of the 03-gons of the 3-balls B, and B3 bounded by the 2-spheres where the 
3-residues Go and G3 faithfully embed. Let an element of clr&, say prXo3, be 
associated with the homotopy class of a closed path contained in the interior of 
Ho3 > which starts and ends at the center of a disk bounded by the 03-gon 
containing r, and whose unique intersections with the set of disks bounded by the 
03-gons are its origin and a crossing with the disk bounded by the 03-gon 
corresponding to prXo3, which goes from B, to B,,. Observe that the homotopy 
class of prro3 is the identity. The ball complex B(G) is obtained by taking the 
complementary handlebody, HI2 similarly constructed, and identifying the 
common boundary of the two handlebodies. The generators of x,(lB(G)I) are 
then identified with Y& and the relations with ?Z’~~. See also [4,5]. 0 
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